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Abstract
In Taylor vortex flow molecular diffusion is the only mechanism for transport across the stream surfaces

separating adjacent vortices.  In wavy vortex flow, however, there is an advective contribution that gives rise to
chaotic dispersion of passive tracers (chaotic advection).  We find that the effective diffusivity characterizing this
transport is proportional to the product of two measures of symmetry deviation.  The first is a measure of the
average deviation of the flow from rotational symmetry, and the second is a measure of the average deviation from
flexion-free flow. Because these quantities are obtained directly from the velocity field, we call them Eulerian
symmetry measures.  Thus, we show that the macroscopic transport behaviour in a flow can be quantified directly in
of the velocity field and its gradients, and hence provides a connection between Eulerian and Lagrangian pictures of
transport.

Introduction
We consider here the case of a Taylor-Couette

system with fixed outer cylinder. When the inner
cylinder rotation is such that the critical Reynolds
number, Rec, is exceeded only slightly, the resulting
flow is a three-dimensional axisymmetric cellular
structure known as Taylor vortex flow. The rotational
symmetry of this flow ensures that each vortex
consists of a set of nested stream tubes (KAM tori)
with a flat dividing stream surface (invariant surface)
between neighboring vortices. As a result, intra- and
inter-vortex particle transport can only occur via
molecular diffusion.

At larger rotation rates Taylor vortices are
unstable to a wavy disturbance which deforms them.
This flow is known as wavy Taylor-vortex flow (see
Fig. 1a).  The wavy perturbation has a two-fold effect
on the particle motion.  First, the loss of rotational
symmetry causes the velocity field to depend on all
three spatial coordinates.  General dynamical systems
arguments then imply that, under certain conditions,
stream tubes  (KAM tori) will be destroyed leading to
chaotic particle motion and hence intra-vortex mixing
[1,2].  Second, the wavy perturbation breaks the
stream surface separating adjacent vortices into two
intersecting pieces (see Fig. 1b). This provides the
mechanism enabling particles to cross from one
vortex to the next, resulting in inter-vortex mixing
(axial dispersion) [1,2].

During the past 15 years numerous papers have
illustrated the fact that even simple velocity fields can
have complicated (i.e., chaotic) particle trajectories.
The majority of these studies concentrate, as do we,
on fluid particles that behave as deterministic passive
tracers obeying the equations of motion :

Fig 1 :  (a) Wavy vortices; (b) dynamical systems
view of particle trajectories and intersecting
manifolds.
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where x(t) is the particle position at time t, and u(x,t)
is the velocity at point x and  time t obtained by
solving the equations of fluid motion.  The phase
space associated with Eq.(1) has a dimension equal to
four, corresponding to the time and three space
coordinates.  The presence of continuous symmetries
reduces the phase space dimension.  For example,
time-independent two-dimensional flow (invariance
in time and translational symmetry in space) has a
phase space dimension equal to two.  A well-known
result from dynamical systems theory is that chaotic
particle trajectories arise only when the phase space
dimension is greater than two.  Thus, particle
trajectories in a steady two-dimensional flow field are
integrable (not chaotic), but when time-dependent
forcing is applied, regions of chaotic trajectories
appear.

As is well known, the presence of a continuous
symmetry implies the existence of conserved
quantities, which in principle allows one to remove a
dependent variable from the equations of motion,
thus reducing the dimensionality of phase space.  In
this contribution we present our finding that the
effective axial diffusion coefficient (see Fig. 2)
estimated in numerical particle tracking experiments
by Rudman in Ref. [2] is proportional to the product
of two measures of symmetry deviation.  The first is
a measure of the average deviation of the flow from
rotational symmetry, and the second is a measure of
the average deviation from flexion-free flow. Because
these quantities are obtained directly from the
velocity field, we call them Eulerian symmetry
measures [3].  Thus, we show that the macroscopic
transport behaviour in a flow can be quantified
directly in terms of the velocity field and its

gradients, and hence provide a connection between
Eulerian and Lagrangian pictures of transport.

Symmetry Measures
Locally the deviation from rotational symmetry is

measured by the component-wise derivative of the
velocity field u with θ, which we denote by :
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and the local deviation from flexion-free flow is
measured by the magnitude of the viscous force :
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Chaotic particle paths occur in regions where there is
a significant deviation from rotational symmetry and
flexion-free flow.  Thus our diagnostic is

)()()( xxx νθ ϕϕϕ =D (4)

Results
Fig. 3 shows Poincare sections of particle orbits

superimposed on contour plots of ϕD for a counter-
rotating pair of wavy Taylor vortices.  The results are
shown for one phase of the azimuthal wave at Re =

155, 162, 324, 486 and 648. Regions where ϕD(x) is
small (dark blue) are regions where a remnant of
either rotational or dynamical symmetry (or both)
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Fig. 2 : The Reynolds number dependence of Dz for a
radius ratio of η = 0.875.
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Fig. 3 :  Contour plots of )(xDϕ  with the Poincare Sections

superimposed.



persists and consequently the particle trajectories are
expected to be close to integrable.  Conversely

regions where ϕD(x) is large (red) should correspond
to strongly chaotic regions. The Poincare sections
(the intersections of particle trajectories with the
plane, θ =const.) superimposed on the contour plots
support this argument, even though the agreement is
not perfect.

Note that as the Reynolds number increases, the
integrable streamtubes (centered on the vortex cores)
in evidence near onset of the waves (Re = 155)
disappear (Re = 324) and then reappear (Re= 648).

Contour plots of ϕD(x) hold a great deal of
qualitative information, but yield little on the global
nature of the flow, for example, the variation in
mixing with Reynolds number. For this reason we
introduce averaged measures of the geometric and
dynamical symmetries and denote these with a bar
over the quantity.

In Fig. 4 we compare Dz with the product of the
averaged rotational and dynamical symmetries,

νθ ϕϕ . Both quantities have been normalized with

their values at Re = 324.  In fact, we find

νθ ϕϕ15.1=zD !  These results are described in

more detail in [4] and a full theoretical justification
for this remarkable agreement is in progress [5].
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Fig. 4 : A comparison of Dz (x) with the product of the
averaged rotational and dynamical symmetries,

νθ ϕϕ  (+) and Dϕ  (∆).


